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I Abstract 

' We use a covariant phase space formalism to give a general prescription 

• for defining Hamiltonian generators of bosonic and fermionic symmetries in 

! diffeomorphism invariant theories, such as supergravities. A simple and general 

I criterion is derived for a choice of boundary condition to lead to conserved 

O ■ generators of the symmetries on the phase space. In particular, this provides 

I , a criterion for the preservation of supersymmetries. For bosonic symmetries 

^Jjl corresponding to diffeomorphisms, our prescription coincides with the method 

■ of Wald et al. 

• rH , We then illustrate these methods in the case of certain supergravity theories 

r> I in d = 4. In minimal AdS supergravity, boundary conditions such that the su- 

■ percharges exist as Hamiltonian generators of supersymmetry transformations 
are unique within the usual framework in which the boundary metric is fixed. 
In extended M = 4 AdS supergravity, or more generally in the presence of 
chiral matter superfields, we find that there exist many boundary conditions 
preserving M = 1 supersymmetry for which corresponding generators exist. 
These choices are shown to correspond to a choice of certain arbitrary bound- 
ary "superpotentials," for suitably defined "boundary superfields." We also 
derive corresponding formulae for the conserved bosonic charges, such as en- 
ergy, in those theories, and we argue that energy is always positive, for any 
supersymmetry-preserving boundary conditions. We finally comment on the 
relevance and interpretation of our results within the AdS-CFT correspondence. 
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1 Introduction 

In a classical system defined by a Hamiltonian or Lagrangian, there typically exists 
a constant of the motion for any sjTumetry of the system. Furthermore, any such 
conserved quantity generates the action of the symmetry on the phase space of the 
theory. While this result is simple and straightforward to derive for mechanical sys- 
tems with a finite number of degrees of freedom, the situation can be considerably 
more complicated in field theories. This is in particular the case for field theories on 
manifolds with asymptotic regions or boundaries, where the existence and form of 
the conserved quantities will in general depend in a subtle way on the precise choice 
of the phase space of the theory, i.e., the asymptotic or boundary conditions that one 
chooses to impose upon the fields. 

Of particular interest in theoretical physics are theories with local gauge invari- 
ance, such as diffeomorphism invariance, Yang-Mills type gauge invariance, or local 
supersymmetry. For theories with diffeomorphism invariance, a general analysis of 
the existence of conserved quantities within a "covariant phase space framework" was 
given by Wald et al. [H [21 [3l H] , (see also [5l[6l[7]). In these works, a general criterion 
was derived stating when a given boundary or asymptotic condition on the fields al- 
lows the existence of conserved charges generating asymptotic spacetime symmetries. 
These ideas were applied e.g. in [Sj to derive formulae for the Bondi energy in higher 
dimensional general relativity with asymptotically flat asymptotic conditions, and 
in [9l Uni HU US] to derive expressions for bosonic conserved charges (such as energy) 
in gravity theories with asymptotically AdS boundary conditions. 

In this paper, we generalize the analysis of Wald et al. to charges of fermionic 
type. Our first result is a general criterion for when a given boundary or asymp- 
totic condition on the fields permits the definition of conserved asymptotic charges 
conjugate to a fermionic asymptotic symmetry. That condition is analogous to the 
one for bosonic symmetries and can be simply stated as follows: (1) The symplectic 
flux through the boundary (or at infinity) has to vanish under the imposed boundary 
(or asymptotic) conditions. (2) The boundary (or asymptotic) conditions must be 
invariant under the asymptotic symmetry. 

We then apply this general formalism to supergravity theories with a negative cos- 
mological constant, for which asymptotically AdS boundary conditions are possible. 
Our first example is minimal A/" = 1 supergravity [13]. Within the usual framework 
where the boundary metric is held fixed, we show that there exists a unique bound- 
ary condition on the metric and the spin-3/2 field so that conditions (1) and (2) are 
satisfied for local supersymmetry transformations. We also derive the expression for 
the corresponding supercharge, which is found to agree with an expression derived 
earlier by a somewhat different method [Ti] . 

Next, we investigate extended J\f = 4 supergravity [U] in a scalar reduction [12] in 
which, besides the gravity multiplet, only the scalar multiplet is kept. The scalar fields 
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have a mass = —2, which is within the Breitenlohner-Freedman range [TTtfTS]. The 
reduced theory has a local M = 1 invariance, and we investigate possible boundary 
conditions such that there exist corresponding Hamiltonian generators for the M = 1 
super symmetry transformations. Here, we find that there is a 1-parameter family 
of boundary conditions on the fields in the gravity and scalar multiplets such that 
(1) and (2) are satisfied. Therefore, conserved generators exist for those boundary 
conditions. The boundary conditions found by [T7] correspond to 2 particular extreme 
values of the parameter. We also investigate boundary conditions preserving only 
a 2-dimensional subspace of the fermionic M = 1 symmetry generating asymptotic 
Poincare transformations in the "Poincare compactification" of AdS-spacetime. Here, 
we find that there exist additional boundary conditions satisfying (1) and (2). These 
boundary conditions can be formulated as a "supersymmetric Lagrange submanifold 
condition," in terms of an arbitrarily chosen "boundary superpotential" of suitably 
defined "boundary superfields," which in turn are built from the asymptotic values of 
the fields in the scalar multiplet (in a somewhat non-obvious way). These boundary 
conditions preserve an 0(2, 1) x of the standard 0(3, 2) bosonic symmetry group. 

Finally, we construct the explicit expressions for the bosonic and fermionic con- 
served charges in the scalar reduction of the J\f = 4 extended supergravity theory. 
We find that the expression for the bosonic charges contains a piece that is a surface 
integral at infinity of the electric Weyl tensor, as well as an extra piece involving the 
fields in the scalar multiplet. In the case of 0(2, 1) x invariant boundary condi- 
tions, the extra piece involves the boundary superpotential of the fields in the scalar 
multiplet. In the special case of the boundary conditions found by Breitenlohner and 
Freedman [17], only the Weyl piece remains. 

Our results have the following standard interpretation in the context of the AdS / CFT- 
correspondence (THl IMl [211 [22] • In the Af = 4-theory, changing the boundary con- 
ditions corresponds to adding a term to the action of the boundary quantum field 
theory. Since our boundary conditions are formulated in terms of a supersymmetric 
Lagrange submanifold condition, the additional piece is given precisely j23l |211 [25] 
by the boundary superpotential of the boundary fields corresponding to the scalar 
multiplet. Such deformations of AdS/CFT have been of significant interest, see e.g., 

2 General definition of fermionic charges 

Assume we are given a Lagrange density L, (viewed as a d-form) on a d-dimensional 
manifold M. We assume that L depends on a metric (7^,^, tensor fields (pfj,^...^^, gauge 
fields y4^, and mixed spinor-tensor fields ip'^^"'^'^y^...up- We shall abbreviate the collec- 
tion of all dynamical fields by 

$ = ((7m-,0miM2...m.,^/.,V^^'^'-^^i^2....p) • (2.1) 
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To define spinors we assume that a spin structure exists and that one has been chosen 
as part of the definition of the theory. In quantum field theory, by the spin-statistics 
theorem, fields of half odd integer spin must be anticommuting, while fields of integer 
spin must be commuting. But in classical field theories, there is a choice to be made 
whether one wants to view the spinor fields as commuting or ant i- commuting, and 
there does not appear to be a good physical justification for either choice. However, 
studies of the initial value problem in supergravity theory [29l 130] show that such 
a theory possess a well-posed initial value formulation if spinors are taken to anti- 
commute, while difficulties seem to arise if one assumes them to be commuting. We 
shall therefore assume this in our paper, too, i.e., half odd integer spin fields are 
taken as anti-commuting and integer spin fields are taken to commute. Concretely, 
this may e.g. be implemented [31] by taking the fields to be valued in an exterior 
coefficient algebra A = Ext(V^), where V is an auxiliary infinite dimensional vector 
space, tensored with the appropriate vector bundles corresponding to the vector or 
spinor nature of the field. From this perspective, a field is then a formal power series 

oo 

= J]t;(„)<l>(„)(x), (2.2) 

n=0 

where f („) is an n-th exterior power in A. Furthermore, it is understood that a 
half odd integer field component of $ only contains terms with odd n in the series, 
while a field with integer spin only contains terms with even n. As shown in |29| 130] 
for A/" = 1 supergravity, solutions to the field equations then exist as formal power 
series in this algebra. The first term $(o) is the zeroth order metric, which is seen 
to satisfy the Einstein equation with all spinors set to 0. Because A = Aj^ © A_ 
may be decomposed into even (bosonic) and odd (fermionic) elements, we have a 
corresponding decomposition of field quantities. 

We assume that L is commuting and does not depend on any non-dynamical 
background fields, or equivalently, that L is fully diffeomorphism covariant, in the 
sense thalll] 

rL($) = L(r$) (2.3) 

for any diffeo / on M. On the space of (smooth) fields, we will consider various 
operations. Given a functional F on the space of fields and a smooth 1-parameter 
family $f in the space of fields with $o = '^'j "we denote by 

.F(t) = Af(4,)Uo=(£»Wj4y)n4) (2.4) 

^Notc that it does not make to speak about the pull back of a spinor field separately. But it 
makes sense if we also pull back simultaneously the metric and corresponding spinor bundles with 
the diffeomorphism. This is what is meant in this formula, and similar other formulae below. 
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the variational derivative, along the "vector field" 5$ = \t=o on field spac^. We 
also define the commutator 

[Si,S2]^=^Ji^t)s-mt]\t=s=o . (2.5) 

For example, if ft is a 1-parameter family of diffeomorphisms on M generated by a 
vector field X, and = ft^, then 

(5$ = £x^ (2.6) 

and the commutator [5i,52] of variations associated with two vector fields Xi,X2 is 
given by the vector field (on field space) £[Xi,X2]^^ the variation associated with 
the commutator of the spacetime vector fields. 

The variation of L can always be written in the form 

5L(<I>) = E(<l>)5<l> + d0($,5$), (2.7) 

where E are the equations of motion ( "Euler-Lagrange equations"), and where 6 is 
the [d — l)-form corresponding to the boundary term that would be obtained if the 
variation of L were done under an integral. The (dual) symplectic current of the 
theory lj is defined as the second anti-symmetrized variation 

a;($, 52$) = 5i6>($, 62^) - 52^($, ^1$) - 0{^, [5^ ^2]$) • (2.8) 

It is a simple consequence of the above definitions that, if the fields $ are solutions to 
the equations of motion, and the variations 5i$ and 52'^' are solutions to the linearized 
equations of motion, then a; is closed, duj = 0. Given a rf — l- dimensional submanifold 
S of M, one defines the associated symplectic form by 

crs($; 51$, (52$) = lim / a;($; 5i$, ^2$) , (2.9) 

where K is an increasing sequence of compact subsets of S whose union is S. If S is 
not compact, suitable boundary conditions have to imposed on the fields in order to 
ensure that the symplectic form is finite. One might also have to impose restrictions 
on the possible way of choosing the sequence of compact sets K to ensure that the 
limit is unique. If as converges, then it is independent under compact cobordant 
variations of the surface S in the sense that, if is a compact subset of M such that 
dK = Si U (— S2), then cxi = (T2 for "on-shell variations", i.e., (5i$ and ^2$ satisfying 
the linearized equations of motion and boundary conditions. Note, however, that this 



^In the integral, we mean the "left" variational derivative when anticommuting quantities are 
involved. 



6 



need not be the case for non-compact cobordisms. In that case, the independence 
of (Ts from the shce dehcately depends on the asymptotic conditions imposed on the 
fields. For example, it fails in general relativity when Si, S2 are asymptotically null 
surfaces asymptoting to different "cross sections" at infinity, which is the situation 
considered in the context of asymptotically fiat spaces at null infinity. 

A diffeomorphism preserving the boundary conditions is called an "asymptotic 
symmetry". Since diffeomorphisms leave the Lagrangian invariant, one may ask 
whether one can define "conserved charges" in the phase space of the theory corre- 
sponding to the asymptotic symmetries. They should be defined as the Hamiltonian 
generators conjugate to a symmetry variation vector field 5$ = £x^i i-e., they should 
satisfy 

5'Hx = (Ti:{S^.£x^) = j ^{^,5^,£x^) V(5<l> on shell. (2.10) 

The existence of the Tix is not automatically guaranteed by the diffeomorphism 
invariance of the Lagrangian, but depends on the precise choice of the boundary 
conditions and of S in a subtle way. To analyze the question of existence, consider 
(following [H S]) the consistency relation resulting from the fact that the second 
anti-symmetrized second variation of any quantity should vanish, so we should have 

Si{52nx) - HWx) - hV-l-x = for all 61, 62. (2.11) 

Here, the last term takes into account the possibility of having non-commuting vari- 
ations; it vanishes when 61, 62 are commuting variations (e.g., corresponding to shifts 
of the phase space coordinates) . As a consequence of eq. (12. 8p , we have the relation 

= 6iu;{^,62^,6s^) + 62Uj{^,S3^,Si^) + 63uj{^,6i^,52^) 

+ a;(<l>,5i$,[52,53]<f)+^($,52$,[53,5l]<f)+^($,53$,[5l,52]<f). (2.12) 

Using this with ^3$ = £x^, one finds that the consistency condition (12.111) can be 
expressed as 

0=1 £x^($,5i$,52$) (2.13) 
Jt, 

= / X-a;(<l>,5i$,52$). (2.14) 

In the second line, we have used Stokes theorem, together with the the standard 
differential forms identity £x^ = d(X ■ u:) + X ■ do;, and the fact that a; is closed 
on shell. The notation "9S" indicates any interior actual boundaries, as well as 
possibly a boundary at "infinity". In the examples below, we will attach such a 
boundary dM = I to our spacetime manifold, and S will be a (ci — l)-dimensional 
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submanifold which meets X in a cross section, C. A sufficient condition for the 
consistency condition to hold is that 



The vector fields X for which the above manipulations are expected to give conserved 
charges are those vector fields whose asymptotic values at conformal infinity leave the 
boundary conditions imposed upon the fields $ invariant. Typically, the restrictions 
of those vector fields to the boundary span the tangent space of X. Thus, a sufficient 
condition for the consistency condition (12.111) to hold is that 



Whether this condition holds depends on both (a) the Lagrangian and (b) the pre- 
cise form of the boundary conditions. We will analyze this issue in some example 
theories below. When eq. (12.111) does hold, the conserved charges can be obtained 
from eq. (12.101) as follows. Choose any path $i of solutions from a canonically fixed 
reference solution $o to $ = $1. Define 



where 5$ is the vector field along the path, and where Tixi^o) is defined arbitrarily. 
Then it follows from the consistency condition (12. lip that the definition of Tix is 
unchanged under smooth deformation of the path, i.e., it only depends (possibly) on 
the homotopy class of the path in the space of solutions of the theory. Whence, if this 
space is for example simply connected, then the definition of Tix is unique. On the 
other hand, if it is not simply connected, the Tix might be multi-valued and might 
consequently be defined only on the covering space of the covariant phase space. 

Furthermore, if eq. (12.161) holds (implying (12.111) ). then Tix will automatically 
be independent of the choice of the surface S, i.e., the cut C = 9S where S hits 
the boundary. This follows straightforwardly from Stokes theorem, and the fact that 
dcj = on shell. 

As we now describe in some detail, these considerations admit a more or less 
straightforward generalization to symmetries parametrized by arbitrary tensor fields. 
Let us assume that there exists a symmetry of the Lagrangian L for each choice 
of some spinor or tensor field rj. In other words, assume that for each 77 there exists 
a vector field Sr,^ on field space such that 



X ■ UJ \9^= . 



(2.15) 



(2.16) 




(2.17) 



s,L($) = dB,($), 



(2.18) 



where B,, is a (d — l)-form that is locally constructed out of the fields and 77. This 
includes in particular the case of infinitesimal diffeomorphism invariance, where r] 
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is simply given by a vector field t] = X^d^, and where sx^ = £x^-, and Bx = 
X ■ L. More generally, it covers e.g. local gauge transformations, and common 
fermionic symmetries such as supersymmetry. The precise form of the symmetry is 
unimportant for our present discussion. For definiteness, let us assume that t] is an 
(anti-commuting) spinor field; this is the case for supersymmetry, which is the context 
of primary interest in this paper. 

We would like to define corresponding Hamiltonian generators in the phase space 
of the theory by 



a;(<l>,(5$,s^<l>) 



(2.19) 



(Recall that, by the general definition, the symmetry variation of a functional F on 
field space is given by Sf,F($) = -^F(^ + tSn^)\t=o). To see whether the generator 
exists, we must analyze the consistency of this equation in the same fashion as we 
did above for diffeomorphisms, by taking a second antisymmetrized variation 
eq. (12.111) . We now get the consistency condition 



see 



a;($, (52$) 



(2.20) 



for all solutions $, and all on-shell variations. Here is defined to act on variations 
6^ as the linearized symmetry transformation, i.e. the transformation on the tangent 
space of field space induced by s^. Since duj = it follows that 



= d<^ s 



a;($, (52$) 



(2.21) 



for all 1]. By the fundamental lemma of the calculus of variation^ [32] it consequently 
follows that there exists a. {d — 2)-form Y^, such that 



a;($, (5i$, (52$) 



dY,($,(5i$,(52$). 



(2.22) 



Therefore, by Stokes theorem, a sufficient condition for the consistency of eq. (12.201) 
is that 
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This condition is automatically satisfied if 



0, 



(2.23) 



(2.24) 



•^Fundamental Lemma (see e.g., [32]): Let a[tp] be a p-form on an n-dimensional manifold M, 
with p < n, depending on a set of fields if) on M, such that dQ;['i/'] = for all ip, and such that a = 
when the non-dynamical fields in ip vanish. Then alip] — d/?['0] for some globally defined form /3. 
Note that it is crucial that the relation dQ;['0] = holds for all tp. Otherwise, one can only infer the 
existence of (3 locally, but possibly not globally if the topology of M is non-trivial. 
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Thus, if this equation holds (and in particular, if the boundary conditions are such 
that is actually finite at X), then charges will exist, and will be conserved, i.e., 
do not depend on the particular surface S chosen in the definition. 

A sufficient condition for /g^^ \j= can be derived as follows. First, assume 
that the boundary conditions are such that the consistency condition to \x= holds, 
which, as we showed above, is a sufficient condition for the bosonic asymptotic symme- 
tries to exist. Now, suppose that the //-variations leave the symplectic form invariant 
on J. Then by ( 12^22]) dY^ f J = 0. Consequently, the integral Y^(<l>; 5i<l>, 52$) 
does not depend upon the cut C at I. Consider now perturbations 5$ in this expres- 
sion which are compactly supported on the particular slice S, i.e., that vanish on the 
particular cut C = dT,. Then the integral vanishes for that cut, and hence for any 
cut. Thus, the consistency condition is fulfilled for any variation for which the "ini- 
tial data" on S has compact support. In contexts with timelike conformal boundary 
(such as asymptotically AdS spacetimes), this implies that this integral vanishes for 
arbitrary perturbations (satisfying the linearized form of the boundary conditions). 
Thus, in this situation it follows that the charges will exist and will be conserved 
^f 

1. The pull back of the symplectic form uj \x to I vanishes identically under the 
assumed boundary conditions. 

2. The symmetry leaves the boundary conditions invariant in the sense that if is a 
field configuration $ satisfying the boundary conditions, then satisfies the 
linearized boundary conditions. 

It is a general feature of symmetries s,, parametrized by an arbitrary tensor or 
spinor field rj (such as infinitesimal diffeomorphisms, gauge symmetries, or supersym- 
metry transformations) that the generating conserved charges can be expressed in 
terms of surface integrals at infinity. In the present formalism, one may derive this 
fact by generalizing the argument given by Wald et al. [21 [3l [H H] for diffeomorphisms. 

As with diffeomorphisms, the starting point is the Noether current, defined by 

J^($) = 6>(<l>,s,$)-B,. (2.25) 

On shell (i.e., when the equations of motion hold), this current is conserved, 

dJ^ = de{(f), s^$) - dB^ = s^L - dBr, - E ■ s^<l> = . (2.26) 

By the "fundamental lemma", since this is true for all t], it follows that there exists 
a {d — 2)-form, Q^, which is locally constructed out of the fields, such that 



dQ^ — J»7 



(2.27) 
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We refer to as the "fermionic" Noether charge. The integrand of eq. (12.191) may 
then be written as 

a;($, 5$, 5^$) = MQ^(<I') + 6B^{<I>) - sJ6>(<l>, 5$)} , (2.28) 

where the symmetry variation in the last expressions acts on 5$ by the hnearized 
symmetry transformations. Since is a solution to the linearized equations of 
motion, we have da;($, 5$, s^$) = 0, so by the fundamental Lemma of variations 
u;($, 5$, s^$) is exact, and there is a (rf — 2)-form A^($, 5$) such that 

dA,($, 5$) = s,{6>($, 5$)} - 6B^{^) , (2.29) 

for any solution $ to the equations of motion, and any solution 5$ to the linearized 
equations. Therefore, we have 

Sn, = [ - A,) , (2.30) 

thus expressing as a boundary integral as promised. For "off shell" variations 
5$, STir^ is not in general a boundary integral, but one can show (see Appendix) that 
it can always be written as the above boundary integral plus an integral over S of 
suitably defined constraints associated with the symmetry s^. 

The consistency requirement 5i((52?i^) — 52(5i7i,,) — 52]'^»7 = is now equivalent 

to 

= 5iA^,(<l>,52$)-<52A^($,5i$) + A^,(<l>,[5i,52]$) onSS (2.31) 

for all variations satisfying the linearized equations of motion. Whether this 

condition holds again depends on the theory under consideration, and on the choice 
of the boundary conditions. Assuming that the consistency condition (I2.3ip holds, 
the equation for STir) can be integrated as above in the case of "bosonic" symmetries 
X, and, eq. (I2.30p . 7-^^ is expressed by a boundary integral on shell. An off-shell 
expression for is given in the appendix [see eq. (]A.179p ] , where also various issues 
related to the uniqueness and gauge invariance of are discussed in detail. 

Let us now consider the special case of bosonic symmetries associated with in- 
finitesimal diffeomorphisms, sx^ = £x^i with X a suitable vector field so that we 
may show explicitly that the above procedure reduces to the "covariant phase space 
method" of Wald et al. In that case, because 

sxL = £xL = d(X ■ L) + A ■ dL = d(A ■ L) , (2.32) 

we have = A ■ L. On shell, we therefore have 5Bx = A ■ 5L = A ■ d^, and thus, 
from the defining relation for Ax, we get 



Ax = x-e. 



(2.33) 
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On shell, we therefore have 

5nx= I 5Qx~X (2.34) 
Jc 

for symmetries associated with infinitesimal diffeomorphisms. This is the formula 
derived by Wald et al. [21 El i]. 



3 J\f = 1 minimal Sugra with cosmological constant 

We now illustrate the above algorithm in the example theory of A/" = 1 supergravity 
with a negative cosmological constant |13| (treated also in the paper of Henneaux and 
Teitelboim [14J using a different technique). The dynamical fields in this theory are 
a metric and an anti-commuting spin- (3/2) Majorana field, 

^ = {g,,,tlj,). (3.35) 

The Lagrange 4-form is given by 



(3.36) 



where e = e^i^crp is the volume 4-form determined by the metric, and where 

r = (V4!)e'^-''7^7.7.7p (3.37) 
is the analogue of 75 in curved spacetime. The derivative operator is defined by 

D^ = V^, + ^ [7", 7'] (V^aTpV'p + ^m7<xV'p - V^pTpV-a) , (3.38) 



where = d^j, + C^{g) is the spin connection of the metric. The quantity R is the 

urvature 2- form of D^, 

R^, = [D^,D,] (3.39) 



scalar curvature formed from the curvature 2- form of D^, 



and £ is a constant. 

When the spinor field is zero, the Lagrangian has the standard form of the Einstein 
action, with a negative cosmological constant A = — 3£^. Exact AdS spacetime with 
topology R'^ X M and line element 

dsl = -(1 + eyr^)dt^ + (1 + f/r^)-^dr^ + r^dO^ + sin^ 6 dif^) (3.40) 

is an exact solution of this theory, and it appears reasonable to demand as a boundary 
condition that the metric of a general solution should asymptotically approach that 
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of exact AdS for large distances. A convenient and elegant framework for formulating 
this requirement is that of conformal infinity. This is motivated by the fact that the 
AdS metric can be written as 



^2 



dn"" - (1 + Qy2)dt^ + (1 - ny2){d9^ + sm'^Odcp^) 



= Q-'dsf, (3.41) 



where fl is related to r by a simple coordinate transformation satisfying Q ~ for 
large r. Thus, the AdS metric is conformally related to the "unphysical metric" dsg. 
The point is now that the unphysical metric can be smoothly extended to a manifold 
with boundary M — M Li T, where the infinity dM — I ^ x is represented 
by the points labelled by = 0. The metric induced on X is that of the Einstein 
static universe (ESU), i'^[—dt'^ + dO"^ + sin^ Odip"^]. This motivates one to impose the 
following asymptotically AdS boundary conditions on the metric: 



Boundary conditions on g^^i,: 

1. One can attach a boundary X = 5*^ x M to the spacetime manifold M in such a 
way that M = M U X is a manifold with boundary. X is called the "conformal 
infinity" , or scri. 

2. On M, there is a smooth field fl, with the properties that Q is a defining function 
for X (i.e., vanishes there and has non- vanishing gradient), and such that 

9^.u = fi^g^^u (3.42) 

is smooth at scri. If 

= i-^g>''^\/^n . (3.43) 

then wc impose that is a unit normal to the boundary X of the unphysical 
spacetime (M, g^u), and we impose that the induced metric on X is isometric to 
that of the Einstein static universe R x 5'^. We further impose that the extrinsic 
curvature of X, X^j, = V(^fi,^) = at X, and that Q'^K/j^i, is smooth. These 
conditions are equivalent to demanding that 

+ 0{QP) (3.44) 

Here, the notation = 0(^2") for a tensor field means that fl~"'tniy,„a can 

be extended to a smooth tensor field t^jy...o- on M. 

As we will see below, Einstein's equations imply more stringent constraints upon the 
asymptotic form of the metric in addition to the above boundary conditions. From 
now on, we will set 

£ = 1 . (3.45) 



ds' 



dff - df + d6^ + sin^ e d^"^ 
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An asymptotic (bosonic) symmetry is a diffeomorphism / having the property that 
/*ds^ satisfies our asymptotic conditions whenever the metric ds^ does. Evidently, if 
/ acts hke a conformal isometry on the ESU with conformal factor fc^, then we may 
change Q to kfl, and the unphysical metric ds^ associated with that new conformal 
factor will satisfy our asymptotic conditions. Thus, the group of asymptotic symme- 
tries contains the conformal isometry group 0(3, 2) of the Einstein static universe. It 
is customary to consider as the true physical symmetry group the group of all diffeos 
/ as described above, factored by the the group of "pure gauge" transformations, 
which is the group of all / leaving X pointwise fixed. With this definition, the group 
of asymptotic symmetries is isomorphic to 0(3,2). 

Since we are in d = 4 dimensions, one may also impose boundary conditions 
[T8] which have slower fall-off near X. However, AdS/CFT arguments [331 EH 135] 
suggest that such boundary conditions are related to "dual" gravitational theories 
in spacetimes with compact Cauchy surfaces. As a result, we expect that with such 
slower fall-off boundary conditions all asymptotic symmetries will be gauge. This 
result is also suggested by the analysis of [36]. In particular, we expect that such 
boundary conditions will not lead to interesting conserved charge^, and we will not 
consider them. 

The Lagrangian L is diffeomorphism invariant. It is also invariant under super- 
symmetry transformations of the form 

S7^9tMu = -2zr77(^?/'^) (3.46) 
s.V'm = (^D^ + ^^^^T], (3.47) 

in the sense that s^L = dB^ for some 3-form B^, for any Majorana field 1]. We 
would like to construct corresponding generators Tiri on the covariant phase space. 
According to the general recipe presented in the previous section, the existence of 
such generators will follow if we impose boundary conditions on the fields {gfj,u, ipfi) 
such that (1) and (2) hold. We have already chosen boundary conditions for the 
metric (^^j,, but we have as yet not chosen any boundary conditions on the spinor 
fields ijjfj,. We will now choose them in such a way that (1) and (2) are satisfied. 
Condition (1) requires us to know the symplectic current of the theory. It is given 

by 

^fj^va = ^ (3-48) 

''For d — 4,5, 6, it is possible [18] to introduce a further class of boundary conditions (termed 
'hybrid boundary conditions' in [35j by introducing a preferred direction field on X. Since this 
preferred direction field will break supersymmetry, we will not explore such boundary conditions 
here. 
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where 

^ P"/^T-^[5i^„^52C,,, - (1 ^ 2)] 

+ e'^"'^^[5iV^«r7^(52^^ + ^5i5/^ar7,52V'7 - (1 ^ 2)] , (3.49) 

and where 

In these formulae, SC^^cr is a shorthand for 

1 _ _ _ 

SCi^^a = SC/^^aig) - l^^ii^vlni^a + i^nlvi^a - Ipulalpu) (3.51) 

where V^^ = 5^ + C^(gf) is the spin connection of g^,^. 

It can be seen that the boundary conditions imposed upon g^^^ imply that the 
bosonic contribution to the symplectic form is finite at X, and that the corresponding 
contribution to the symplectic flux vanishes. If the spinor field ip^ is of order 
then the contribution to the symplectic form from the spinor contribution to 50^^,^ 
is of order and gives no contribution to the symplectic flux. The flniteness of the 
contribution quadratic in the variation of the spin 3/2-field to the symplectic form 
at inflnity requires the spinor field Si})^ to fall off at least as fast as fi^/^. From a 
geometric point of view, it is thus natural to require that the field Vt^^/'^il)^ be finite 
and smooth at X. The vanishing of the spinor contribution to the symplectic flux 
through X, given by 

Fspin-z/2 = j MVTi.r^sV'a A dx" A dx^, (3.52) 

is not ensured however by merely requiring that Vf^^'^i})^ be smooth at X. A sufficient 
condition is obviously that the pull-back to X of the integrand vanishes. 



<^iV'[M7.r(52V'.] rX=0. (3.53) 
We now fix a boundary condition on -0^ which does precisely this. 

Boundeiry condition for 

i^, = 0{n^l^) . (3.54) 

We next need to see whether our boundary conditions on (gf^^,, -j/^^) are compatible 
with supersymmetry. On exact AdS-spacetime, one can choose a basis of covariantly 
constant Majorana spinors, i.e., global solutions to the equation 

Vm + ^O^ = 0, (3.55) 
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where the circle above derivative operator and gamma-matrix indicate that the quan- 
tities associated with exact AdS spacetime are meant in this equation. Defining the 
"chiral projections" 

P± = \{l±n'l,), (3.56) 

(so that = Pj_, P^P^ = everywhere), one may show that, in any spacetime, one 
has 

+ i^-^'^i') = ^^'^ {V, + ^-'l,P-) ^ , (3.57) 

for any spinor field ip. Thus, taking ip = rj, and using the Killing-spinor equation, we 
must have that P-fj f X = 0. In fact, one can show that 

fi = n^/^r] = P+U+^Qp_U + 0{n^) (3.58) 

for certain spinor fields U [T7] which are smooth at scri. On a generic spacetime 
that is only asymptotically AdS, there do not exist any spinors satisfying eq. (13.551) 
However, using the asymptotic form of the metric and the fact that is a Killing 
spinor of AdS, one may show 

n-'r{^-'K^,)P+u 

-r{^''K,u)p-u + r^,{Q-'K^^)rp-u 

-U7^{n~'k^,)P+U + ... (3.59) 

where dots stands for terms of order OiVt). In these formulae, K^j^y = V(^n,y) is 
the extrinsic curvature of X with respect to the unphysical metric. Note that our 
boundary conditions on the metric require that Vt'^K^y is smooth at X. In deriving 
the above equation, the formula 

'^(V^^) = -\b\l^]{VJg,p - Wp5g^,)i^ (3.60) 

for the linearized spin connection was found to be useful. 

We can now analyze the question of whether our boundary conditions are left 
invariant by the supersymmetry transformations. Consider first the variation Sr^ip^, 
with r] a Killing spinor of exact AdS spacetime. From our boundary condition on ip^, 
we know that 

D^-^^ = lb\i°](^.i^^, + i'^i.i; - i'^'iM = 0{n'). (3.61) 
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Thus, {Df^ + ^7^)77 is given by eq. fl3.59p . up to higher order terms. However, as it 
stands, it follows from fl3.59p only that 

(d^ + ^7m) V = n'/'n^-'K^,)P_U + 0(^3/2) (3.62) 

and thus only that Sn^J^ = 0(^2^/^), instead of our desired boundary condition s^jipfj, = 
0(f]3/2). However, we will now use the equations of motion to show that in fact 
VL^^K^i, = on X, so the desired boundary condition follows for Sn^p^. For this, it is 
convenient to make a decomposition 

= ri^,hy + h^,^ (3.63) 

of the unphysical metric into "Gaussian normal form", where n'^ = {d/dQ)^ is 
geodesic, and where hfj,u{fl) is the induced metric on the surfaces of constant fl. 
Let Tfj^i, be the matter stress tensor, containing all terms in Einstein's equation in- 
volving the spin-3/2 field, let L^u = T^y — (1/3) g^uT and let TZfj^^ be the Ricci tensor 
of the metric h^^, on the submanifolds of constant Q. Then Einstein's equation may 
be decomposed a^ 

oil 

+K''h^'L,s + \l5J (3.64) 
= -Ihp^Ka^ . (3.65) 

Here d/dVL should be understood geometrically as £n. The boundary condition on 
ipji now implies that Lap = 0{Q), from which it can be seen to follow that even 
K^u = 0(f2^), and not just K^,^ = 0{Q), as required by our boundary condition 
on the metric. Thus, it follows from (13.621) that SrJ'^pf^ = 0(^1^^'^), showing that the 
supersymmetry variation of the spin-3/2 field satisfies the boundary conditions (on 
shell). 

The supersjTumetry transformation of the metric under the above boundary con- 
ditions can be checked immediately to be of order 

sr,g^u = 0in^). (3.66) 

Thus, the supersjTumetry variation of the metric also satisfies our boundary condi- 
tions. 



^Here we follow the notation of [9] . The recurrence scheme dates back at least to [37l [38] , and 
has been much developed (see e.g. [39j|40] and references therein) for the purposes of AdS/CFT. 
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Of course, it remains to be seen that the boundary conditions are also consistent 
with the field equations, in the sense that there is a wide class of solutions. For the 
metric, we have given an argument for this above, assuming that the stress tensor is 
vanishing sufficiently rapidly. Thus, a wide class of solutions with ?/^^ = is allowed. 
For the spin-3/2 field, the issue may e.g. be studied via a linearized perturbation 
analysis. We shall not undertake a detailed study of such perturbations here, but it 
is clear from the above that our boundary conditions are satisfied by any solution 
which can be obtained by acting with a supersymmetry transformation on a member 
of the above class of ?/^^ = solutions. This class of solutions is sufficiently broad to 
define an interesting phase space. 

Since the symplectic fiux through X vanishes, the symplectic structure is finite, 
and the supersymmetry variations leave the boundary conditions invariant, we know 
from the general analysis of the previous section that a conserved supercharge will 
exist. We now follow the procedure described in the previous section to determine 
what those charges are. The Noether current 3-form J is given by 

J,($) = 6>(<l>, 5,$) - B,(<l>) = 2t]TE , (3.67) 

where (*E)^ are the equations of motion of the spin 3/2- field. Consequently, the 
Noether current vanshes identically on shell. Thus, the Noether charge vanishes on 
shell, too, = 0. Using the defining relation (12.291) for dA^, one finds 

(dA^)^,, = (5[e,,,,«(V/3N"^)], = mialplp]^ , (3.68) 

for any on-shell variation of the fields, and so we can read off 

A^ = 6{*N) . (3.69) 

In particular, we explicitly see that the consistency condition holds. Because the 
Noether charge vanishes on shell, according to eq. (l2.3Up the conserved charge asso- 
ciated with rj is now given by 



n^= *N = 2 (r/7[,7.7p]V'>"'^d^5. (3.70) 

JdT, JdT, 

Here, u^^ is the binormal to dH (normalized with respect to the physical metric), and 
d^S* the induced volume element. The fall-off properties imposed upon the fields as 
part of the boundary conditions guarantee that this integral is finite. By eq. f lA.179p . 



the off-shell Hamiltonian is obtained by adding to the above expression the con- 
straints. Since = —2f]T'Ei,, it follows that those are given by C = 2rE, so the 
off-shell spinor charge is 



IT 



4 J Jqy: 



(3.71) 
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where is the torsion 1-form of D^, where is the unit normal to S, where u'^'^ the 
normahzed bi-normal to 9E, and where d^S and d'^S are the respective integration 
elements induced from the physical metric. This agrees with the expression found 
by [H] using a different methocl§. 

4 Extended supergravity 

We would now like to extend the above analysis to extended supergravities [TBI 1151 
im HSl Us]. In the extended A/" = 4 supergravity theory, the fields are a metric, 
four spin 3/2 fields \ 4 Majorana spin 1/2 fields a real scalar field A and 
a real pseudoscalar field B, and an 5*0(4) gauge connection aI^^^''\ where a,b = 
1, ... ,4. The Lagrangian consists of fl3.36p plus a complicated matter Lagrangian, 
which we shall not write down. The full supersymmetry transformations are likewise 
very complicated. Fortunately, for the present analysis, only the leading parts will 
be important, and so we will not need to write out the detailed Lagrangian, and 
transformation rules. 

We would like to pick a set of boundary conditions for the above fields such that 
the symplectic form is finite, such that the symplectic current through X vanishes, and 
such that the boundary conditions are invariant under A/" = 1 supersymmetry. The 
essence of this problem can be studied in a scalar reduction of the A/" = 4 theory, and 
we will from now on limit ourself to that reduction. In the scalar reduction [16j, only 

the fields x = d'^'^^x'^'^\ ^^B, g^^, and if)^ = S^-^ipj^^ are kept, where is a given 
direction in field space in which we want to preserve the Af = 1 supersymmetry, 
and all other fields are set to zero. The precise Lagrangian, and supersymmetry 
transformation rules of this reduced theory are as follows, see section 4 of [T6] : 

L = Lmm + Lfcm + ^'int ■ (4.72) 

Here, L^m is identical to the Lagrangian of minimal supergravity, see eq. fl3.36p . 
without the cosmological constant term, hkm contains the kinetic terms for the 



^Note, however, that the boundary conditions on -0^ imposed in |14] are stronger than ours. 
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matter fields, 

+ ^mr^X (4.73) 

1 — u 

where u — A'^ + B'^. The interaction Lagrangian is 

3 — w - „ , , ^ 

Lint = ^e + ^^-^VM7n^ + ^ri3)xe 

+ 2(l-z.)V2 ^"[^M'^-]^'^^ + ---- (4.74) 

where the dots stand for terms that are dropping off fast at infinity and can be ignored 
for our purposes. The first term in Li„( provides a negative cosmological constant 
A = — 3, and gives a mass m\ — —2 — m\ to hnear fluctuations of the scalar flelds 
A and B about 0. 

The terms in the supersymmetry transformation law for (^4, B, x) that will be 
relevant for us are given by 

s,x = -^[l^VM + ^'^B) + {A-iTB)]r^ + ... (4.75) 
Sr^A = -^77x + ... (4.76) 
s,B = Zi^rx + .... (4.77) 

The dots stand for terms that fall off faster at infinity and are not relevant for the 
considerations below. For the spin-3/2 field and metric, the supersymmetry variations 
take the form 

s-nOny = -'2if]'-ff^^ipi,) (4.78) 
.V'm = [d, + ^^y,2 l, + ^(T^[-4^M-B - BV,A]T^ 77 + . . . ,(4.79) 



s 



where again, dots stands for terms of higher order in VL that can be neglected for our 
purposes, and where we have set u — A^ -\- B'^. We will now discuss in detail the 
boundary conditions for the scalar multiplet. 
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4.1 The scalar multiplet 

From the Lagrangian given above, eq. (14. 73 p . one derives the following expression for 
the symplectic current containing contributions from the fields A, B, x- 

+{A ^ iVB) 

-(1^2). (4.80) 

Linear fluctuations of the scalar fields A, B have a mass of = —2 = m^. An 
analysis of possible boundary conditions for linearized fields on exact AdS spacetime 
with that mass indicate the following fall-off behavior at the linearized level [171 [18] : 

A = Vl-^A = aA + ^f3A + --- (4.81) 
B = n-^B = aB + n(3B + ... . (4.82) 

We will consider only boundary conditions consistent with (I4.8ip and (I4.82p . The 
contributions to the symplectic current 3-form from the scalar fields are then finite 
at X, as may be seen from the expression 

i^fiua \ 1 = [SiaAS2PA + hashf^B - (1 ^ 2)] h^ip^^a (4.83) 

for the contribution symplectic current involving the fields A and B. The correspond- 
ing flux through scri is 

Fsp^n-o = 2 Jj,6iaAS2(3A + S.aBS^PB -{1^ 2)] d^S , (4.84) 

where d^S is the integration element on X induced by the unphysical metric Quiy. The 
flux Fgpin-o will not vanish unless there is a relationship between {aA,o:B, Pa, Pb). 
One possible relationship that will guarantee the vanishing of the flux is to impose 

a A = qaB, Pb = -qpA , (4.85) 

where q G MU {oo}. Each choice of q corresponds to a particular boundary condition. 
This defines a Lagrange submanifold in the space {a a, o^b, Pa, Pb) with the symplectic 
form given above. However, other Lagrange submanifolds may be chosen as well. 
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Linear perturbations of the spinor field x off of exact AdS spacetime may be used 
to identify a class of reasonable boundary conditions. Such an analysis indicates 
that plj 

X = (4.86) 

should be finite (for example smooth) at X. A simple way of seeing this is to note 
that the linearized field x satisfies a massless Dirac equation on AdS-spacetime. The 
massless Dirac equation in 4 dimensions is conformally invariant, with conformal 
weight 3/2. This implies that if x is a smooth solution to the massless Dirac equation 
in AdS spacetime, then x is a smooth solution on the conformal compactification. The 
contribution to symplectic current from the spinor field x at T is then expressible as 

= ^\^T52X - (1 ^ 2)]e,^,, . (4.87) 

This will be finite at X under the above choice of boundary condition that x = ^ '^^^X 
be smooth at X. The symplectic flux is given by 

Fsp^n-l/2 = j\5^T52X- ' M^T52X+ - (l ^ 2)] d^^ , (4.88) 
where we have defined positive and negative chiral projections by 

x+ = P+X, X- = ^P+'^x = ^rP-x • (4.89) 

The spin-1/2 symplectic flux will only vanish if there is a relationship between these 
projections, for example 

x~ = qx+ , (4.90) 

but, again, more general boundary conditions described by an arbitrary Lagrange 
submanifold in the space (x+,X--) would also ensure the vanishing of -Fspm-1/2. As 
above, each q defines a separate boundary condition. There is in particular no reason 
at this stage why the q in this equation must be equal to the q in eq. fl4.85p . But we 
will now see that, if they are equal, then the boundary conditions preserve J\f = 1 
supersymmetry. For this, we need to find how the supersymmetry transformations act 
on the boundary values of the fields in the chiral multiplet, (a^, «b, Pa, Pb, X+, X-)- 
To this end, we now choose an asymptotic Killing spinor i] = i7^^/^f/, and define the 
quantities = P+fj, and = jP-f], both of which are finite at X by the arguments 
given above around eq. (13.581) . We insert this into formulae for the supersymmetry 
transformations. After some algebra, using the field equations for the fermion field. 
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we find, 

Sr^aA 
S^pB 

Here, h^y is the metric of tfie ESU, meaning tliat all derivatives in the above formulae 
are tangent to T, and hence well-defined on the boundary fields. It now easy to see 
that the above boundary conditions are preserved by supersymmetry. For example 
aA = qo-B and (3b = —qPa immediately imply that s^X- = Q^nX+y which is just the 
desired boundary condition for the spin-1/2 field. The bosonic part of the asymptotic 
symmetry group associated with these boundary conditions is isomorphic to 0(3,2). 

We will now show that there exist further boundary conditions that preserve a subset 
of the A/" = 1 supersymmetry transformations associated with a subgroup 0(2, 1) x 
of 0(3,2). For this, we first note that the supersymmetry transformations mix only 
the boundary fields (oa, Pb, X-) and (a^. Pa, X+), but do not mix fields from one set 
with fields from the other set. This suggests to combine each set into a boundary 
superfield, and to try and write the supersymmetry transformations on the boundary 
fields in terms of a derivative operator on superspace. We will now show that this 
can indeed be done. 

For this, we now consider a 2-dimensional subspace of the 4-dimensional space 
of the asymptotic Killing spinors rj that parametrize our supersymmetry transforma- 
tions. Recall that in exact AdS-space, there are four real linear independent solutions 
to the Killing spinor equation (13.551) . The corresponding conformally rescaled spinors 
f] = f2^/^?7 satisfy the conformally related equivalent equation fl3.57p . To single out 
the specific 2-dimensional subspace of Killing spinors on AdS-spacetime, we consider 
the conformally rescaled Killing-spinor equation (13.571) for the metric dsg, related to 
the exact AdS-spacetime dsg via the conformal factor Q = z defined by writing the 
AdS metric in Poincare coordinates, 

dsl = \{-dt^ + dx^ + dy^ + dz^) = nMsl, z>0. (4.97) 



V+X- 



v+x^ 



V2 

i 

+aB'n- - iTPA'n+ - h^"'^^Vf,aBr]+ 



(4.91) 
(4.92) 
(4.93) 
(4.94) 
(4.95) 
(4.96) 
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In this description, AdS-spacetime is mapped to the half space xR_|_ of 4- dimensional 
Minkowski spacetime. The conformal Killing spinor equation (13.571) in this description 
(with Q = z) has as obvious solutions the two linearly independent constant spinors 
e = fj in 4-dimensional Minkowski spacetime satisfying P_e = 0, and P+e = e where 
we note that P± is now simply the projector (1 ± 72)/2, with 7^ the flat Minkowski 
space gamma-matrix. The two real linear independent Killing spinors e = n~^^'^£ 
thus obtained on AdS-spacetime generate the 3 translations dt,dx,dy on the confor- 
mal boundary defined by z = under the supersymmetry algebra, i.e., [s^^, s^j] = £x, 
where X = ei'y^e2d^ is a translation on M^, see also [531 Ell Si]- 

Consider the boundary fields {a a, as, Pa, PbjX+jX-)^ viewed now as fields on 
via the diffeomorphism {t,r,6,(f)) {t,x,y,z), which maps the conformal infinity 
X = M X S"^ (minus a generator) to M^. They may be obtained from the boundary 
fields defined above on X via the conformal change 

X± ^ k'/\± (4.98) 
a^ka (4.99) 
j3^k'^l3, (4.100) 

followed by the diffeomorphism, where k is the ratio of the conformal factors in 
eq. (14.971) and (I3.4ip . and (3 means either [3a or (3b, etc. For any one of the 2 real 
linear independent Killing spinors e just described, we have 



SeOlA = 


I - 




(4.101) 


Seas = 






(4.102) 


SepB = 






(4.103) 


SsPa = 






(4.104) 


SeX- = 
SeX+ = 


-1 

7! 

-1 

71 


+iVpB - h^'l^V.aA 
-tTpA - h'^'^V^aB 


e 
e . 


(4.105) 
(4.106) 



Note that in this expression h^y is now the metric on the conformal boundary 2; = 
of in (I4.97p . i.e., the fiat, 3-dimensional Minkowski metric. These transformations 
may be written in terms of standard superfields on 3-dimensional Minkowski space- 
time R^. For this, introduce 3 Pauli-matrices 0"^, j = t,x,y intrinsic to R^, identify 
e,x± with real 2-component spinors on R^ associated with the group 5*0(2,1) of 
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isometries of the boundary M^, and introduce real Grassmann valued spinor field 9°". 
Define two real boundary superfields on by 

$+ = aA + ex+ + \e^(3B, (4.107) 

= aB + ex-\e^l3A. (4.108) 
Define a superspace derivative operator as usual by 

V^ = i^ + a^^se'd,. (4.109) 
Then the SUSY transformations of the boundary fields can be written as 

Se$± = ^^"PA . (4.110) 

The above choice of the boundary conditions is simply 

$+ = g<l>_, (4.111) 

and this is now manifestly invariant under SUSY transformations with respect to the 
two linear independent spinors e, since these are given in terms of a superderivative. 
We note that this formalism is in direct parallel to the three-dimensional superspace 
formalism used to study an AdS/CFT dual of our discussion in |33l 1^ . 

The most general class of boundary conditions preserving the supersymmetry 
transformations generated by the two Killing spinors e can now be inferred as follows. 
The first condition on any boundary condition was that the symplectic flux through 
T vanishes. The combined spin-0 and spin-1/2 contributions can be written in terms 
of the superfields as 

F,p,„_o + Fsp^n-l/2 = 2 j^[5l$+52$- " 5i<l>_52$+] d^Od^S . (4.112) 

It follows from this superspace expression for the symplectic flux that it will vanish 
if we impose as a boundary condition 

for some functional W of Indeed, we then have 

Fspin-O+Fspin-l/2 = 2 / —————— [^i $+ (Xi )(52$+ (Xa) -^1 $+ (X2)52$+ (^2)] = 0. 

J d$+(Xi)d)$+(X2) 

(4.114) 
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If in addition, the functional dependence of W on the boundary fields is of the form 

W{<i>+) = J J^{<^+)d^9d^S, (4.115) 

(i.e., W depends on the boundary fields only through the superfield) then the bound- 
ary condition is also invariant under the operation D, i.e., under supersymmetry. 
Thus, we have found that the above "supersymmetric Lagrange submanifold" condi- 
tion gives a general form for boundary conditions perserving A/" = 1 supersymmetry. 
When expressed in terms of the boundary fields, our supersymmetric boundary con- 
ditions are as follows. 



SUSY boundary conditions for scalar multiplet: Let denote the conformal 
factor in fl4.97p . so that the conformal boundary is mapped to M^. Define the boundary 
fields aA, as, Pa, Pb, X+, X- by 

A = naA + ^'^pA + ■■■ (4.116) 

B = naB + n'^pB + ■■■ (4.117) 

X+ = n-'/'P+x + --- (4.118) 

X- = in'^^^TP.x + ■ ■ ■ ■ (4.119) 

Let e be the two Killing spinors that approach the constant spinors on the boundary 
R^. Then, for any smooth function J-'{z) in one variable, the boundary conditions 

aA = T'{aB), (4.120) 
Pb = -PAJ"'M + \r\aB)x+^X+, (4.121) 
X- = r{aB)x+, (4.122) 

leave M = 1 supersymmetries generated by the 2 real linear independent Killing 
spinors e unbroken. They are the component versions of the supersymmetric Lagrange 
submanifold condition $_ = (5VV/5$+, see eq. (14.1151) . 

It can be seen that the asymptotic symmetry algebra associated with these bound- 
ary conditions is the superalgebra associated with the bosonic asymptotic symmetry 
group 0(2, 1) xM^ that induces the isometrics of the boundary metric — dt^+dx^+dj/^, 
see ( I4.97p . Thus, in particular, conserved bosonic and fermionic generators of this 
algebra exist on phase space, and can be constructed according to the algorithm 
described in sec. [2l If we make the special choice T{z) = \qz^, so that W = 
/ ^1^+ d^6'd^S', then we obtain the set of boundary conditions invariant under the 
larger asymptotic symmetry superalgebra with bosonic part 0(3,2) generated by 
supersymmetry transformation with arbitrary Killing spinor parameter 7] that was 
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already described above. In particular, for g = or g = cx), we recover the boundary 
condition proposed by Breitenlohner and Freedman [17j (see also [15]) as a special 
case of the more general boundary conditions shown above to preserve M = 1 super- 
symmetry. 

The above boundary conditions can equivalently be formulated in terms of the 
boundary fields associated with the conformal completion X = S*^ x R. The cor- 
responding conditions are obtained from fl4.120p by simply making the transforma- 
tions fl4.98p . One may also implement the full supersymmetry transformations (14.911) 
associated with an arbitrary Killing spinor field by a superspace derivative opera- 
tor, which would now be of the form = rj^d/dO + {rij^a'^9)di + 2ri_9. Comparing 
to the superspace derivative (14.1101) . there is now an additional term 2^ry_, and this 
explains why a general function T other than J-'{z) = \qz'^ no longer gives boundary 
conditions that are invariant under for arbitrary asymptotic Killing spinors rj. 

4.2 The gravity multiplet 

The boundary conditions for the gravity multiplet [ip^, g^y) are very similar in nature 
to those in the minimal supergravity theory discussed above, and indeed are identical 
for the metric. There does, however, exist a subtle difference for the boundary condi- 
tion of the spin-3/2 field having to do with the backreaction of the scalar fields, and 
this arises as follows. Above, we discussed the fact that the vanishing of the symplec- 
tic flux will hold if we have eq. (I3.53p . and this suggested to take ij)^ = 0(f2^/^) as the 
boundary condition for the spin-3/2 field in the minimal supergravity theory. When 
we checked whether this boundary condition is also preserved by supersymmetry, we 
found that the supersymmetry variation Sr^ipfj. was given by eq. (I3.59p . A priori, this 
did not satisfy the desired boundary conditions, which would require a faster fall-off 
in (I3.59P by one power. However, it then followed from the field equation that, in fact 
Q~^K^i, = at X, so the predicted faster fall-off condition does indeed hold. 

In the extended supergravity theory, the same reasoning does not go through 
as it stands, because the field equations do not imply any more that Q^^K^^, = 0. 
The reason for this is that, while the stress tensor vanished at X in the minimal 
supergravity, we now have a non-vanishing contribution arising from the scalar field. 
Instead, using the same expansion techniques as above around (13.640 . together with 
the boundary conditions for the scalar and spin-1/2 fields, we now infer that 

n-'Kap = + al)Kp . (4.123) 

where h^jj is the induced metric at X, i.e., the metric of the ESU. This does not vanish. 
Consequently, using this in (14.780 . we now get for the susy variation of the spin-3/2 
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field in the reduced = 4 supergravity 



1 



1 1 

2 + r+--- 



7m j ^ 

1 + U + .. .){AV^,B - BV^,A)Tr] + ... 



(4.124) 



where we have again used the asymptotic form of the fields A, B, and the the metric, 
see eq. (15.1341) below. Thus, unlike in the minimal supergravity theory, the super- 
symmetry variation of the spin-3/2 field is only of order 0{fl^^^) even after taking 
into account the field equations. Thus, if we are to choose supersymmetry invariant 
boundary conditions, we must impose 



Boundary conditions for ^p^: We have ipfj, = il^^'^n^'ijj+ + 0(^1^^'^), where ip^ is 
smooth at X and satisfies P-ip+ = 0. 

The point is now that, since the slow fall off piece in t/'^ is proportional to n^, the 
condition (I3.53P for the vanishing of the symplectic flux still holds. The supersymme- 
try variation of the metric also still satisfies our boundary conditions even with the 
above weaker boundary condition for the spin-3/2 field. This may be seen e.g. by 
noting that (5^(7^,^, s^?/'^) satisfy the linearized equations of motion. The linearized 
version of our above expansion techniques then show that Sr^g^i, is finite at X, and 
thus satisfies the linearized boundary conditions for the metric. Alternatively, we 
may directly calculate using the boundary conditions for the spin-3/2 field that 

Sng^,u = ^~^n^^,X^) + ... ,X^ = V'+^r] . (4.125) 

Noting that n^X^ = at scri, and putting = ^Q'^g^^'^X^, one can then easily see 
that 

n-\^X,) = £xg,u + 0(^]°) . (4.126) 

Thus, up to an infinitesimal diffeo the susy variation of the metric is of order 0{Vf), 
which is the desired boundary condition for the metric. The additional term £xgfiu 
can be dealt with in either of two ways: 1) Note that £x changes (7^1^ only at order 
0{Q~^). Thus, one may slightly weaken our original boundary condition allowing a 
departure from "Gaussian normal gauge" at this order. This makes the recursion 
describing the expansion in powers of Q somewhat more complicated, but does not 
significantly change the results. 2) One may take the physical symmetry to be not 
Srj, but Sr, — £x- One then readily checks that the — £x preserve the boundary 
conditions on all fields, and that they satisfy the same algebra as the original s^. 
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5 Expressions for the bosonic and fermionic charges 
in A/^ = 4 extended supergravity 

5.1 Bosonic charges 

Above, we have formulated boundary conditions for the fields A, B, x, and g^^^, ip^, in 
terms of a free function T. The group of (bosonic) symmetries leaving these invariant 
was 0(3, 2) for the special choice J^{z) = ^qz^, and it was 0(2, 1) x M.^ for general JF. 
These boundary conditions were chosen in such a way that the symplectic flux through 
I vanishes. By the general analysis of Sec. El we therefore know that Hamiltonian 
generators for these symmetries exist. We will now find the explicit expressions for 
those conserved bosonic charges, starting with the case of generic J^{z). 

The corresponding Lie algebra of 0(2, 1) x of asymptotic bosonic symmetries 
acts by vector fields X on M that are smooth and tangent to X, and are Killing fields 
of the induced metric on 1. These vector fields correspond to translational symmetries 
X = aodt + CLidx + a2dy or Lorentz transformations if we map the boundary 1 confor- 
mally to 3-dimensional Minkowski spacetime, i.e., in the Poincare description (14.971) 
of the conformal infinity. Following the general prescription explained in Sec. [21 we 
first need to find the Noether charge corresponding to an infinitesimal symmetry X. 
It is given by 

(Qx),.. = ^V^X/V- (5-127) 
The symplectic 1-form potential is given by 



'1 

2' 

(5.128) 

where dots stand for other terms involving the fields ipfj_, x, A, B that vanish more 
rapidly at infinity and are not relevant for our analysis. The conserved charge is then 
obtained by solving 

SHx = [ 5Qx-X-0. (5.129) 



where S is an on-shell perturbation, and the integral is taken over a cut at infinity. 
To solve this equation for the Hamiltonian generators, we need to know the asymp- 
totic form of the on-shell variations Sg^u, 5ip^, 5 A, 6B, 6x- This is determined by our 
boundary condition and by the field equations, which impose additional constraints 
on the form of the asymptotic expansion of the metric. These constraints may be e.g. 
evaluated using the expansion techniques of [9j, see also [lljll2j: The Gauss-Codacci 
relation 

C^aupn'^n^ = £nKpu - n-'K^.. + KpaK'^u - l^h/L^P ' \K-L'^^^c.np (5.130) 
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relates the Weyl tensor of g^i, to the extrinsic curvature Kf^i, of the fl = const, surfaces 
near infinity, and the matter stress tensor, where L^^ = T^y — ^g^uT'^a- Combined 
with the recursion relations (I3.64p . this gives 



l{E,,)o + '^{K^^K\), - ^-{h^^h/L^p + VL-^n,n^)i . (5.131) 



Here, the subscripts indicate the order in fl, and 



(5.132) 



is the leading order part of the electric Weyl tensor. Using the asymptotic expansions 
of A, B, X near infinity, and the explicit form of the Lagrangian given above results 
in 



'4 i 



(5.133) 



Using this result, and eqs. (13.641) and (14.1231) . one can conclude that the metric has 
the asymptotic expansion 



ds^ 
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(5.134) 



Thus, the asymptotic form of the on-shell perturbations for the fields may be assumed 
to be 



^9. 
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--S{a\ + ay)h^y + ... 
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(5.135) 



as well as 



6A 
5B 



Q6aA + ^^SPa + ■■■ 
ndas + n'^6(3B + ■■■ 



(5.136) 
(5.137) 
(5.138) 
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for the matter fields. Tlie asymptotic form for the spin 3/2 field may also be written 
out, but is not needed here. If these expansions are used then one finds that 

{AV^6A + BV^6B+'-xi^6x)n^ = + + + (5.139) 

1 1 

+n^{PA5aA + PbSua + -X-'^Sx+ - -x+'^Sx-)- 

The term in the last line is seen to vanish on account of our boundary conditions on 
the fields A, B, x- Substituting this result and fl5.135p into the definitions of Qx, and 
oi X ■ 6, gives the result 



+2 



at infinity. We now again use our boundary conditions on the scalar and spinor fields. 
It follows that the expression for the conserved charge associated with the symmetry 
X is given by 



rtx = - E^^X^u^d'S (5.141) 
Jc 

+ ^ |^/9A[^'(aB) - asJ^'XaB)] + [aB^'"(«B) - ^"(«B)]x+rx+| X^d^^, 

where d'^S is now the 2-dimensional integration element on the cross section C of 
T induced by the unphysical metric, and u'^ is the timelike unit normal (normalized 
with respect to the unphysical metric) to C within X. The first term in Tix is the 
standard gravitational contribution. The second term arises from the backreaction 
of the matter fields onto the metric and depends upon the function JF specifying the 
boundary conditions. This expression simplifies somewhat for the case of 0(3,2)- 
invariant boundary conditions = ^qz^, in which case the Hamiltonian generators 
read 

nx = - [ E^^X'^u^d^S-q [ x+^x+X^u^d'S. (5.142) 
Jc Jc 

In this case, the matter term and the gravitational term are separately conformally 
invariant. It is interesting to note that the scalars make no contribution to (I5.142p . 
For the special boundary conditions found by Breitenlohner and Freedman (cor- 
responding to g = or g = cx)) the last term disappears as welQ. 



^To see this in the case q ~ oo one should write the last term in terms of x- 
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5.2 Positivity of the energy 

We now discuss the positivity properties of our expression for the bosonic charges 
Tix given by eq. (15.1411) . for timehke asymptotic symmetries X, i.e., the positivity 
of the energy of the theory. We first discuss the general boundary conditions on the 
scalars preserving an 0(2, 1) x bosonic asymptotic symmetry group, specified by a 
general smooth function JF as in (I4.120p . In that follows from the discussion 

below (14.971) . a future directed timelike asymptotic symmetry corresponds to a vector 
field X given by 

d d d 
X = aQ— + ai— + (5.143) 

at X, where (00,01,02) G M'^ is a future directed, timelike vector in 3-dimensional 
Minkowski spacetime and where (t, y) are the coordinates of X in the Poincare 
description of the conformal boundary, see eq. (I4.97p . Such a vector field can be 
written as 

X = £7% (5.144) 

where £ is a complex linear combination of the 2 special linearly independent asymp- 
totically Killing spinor^ described below eq. (14.971) . We will now show that 

rLx>Q (5.145) 

for such vector fields, for any solution of the field equations with the stated boundary 
conditions for which the spinor fields all vanish 

V^M = = X- (5.146) 

The condition (I5.146P guarantees that Tix is real, as opposed to being merely an even 
element of the exterior (Grassmann) algebra. 

The Lagrangian (I4.72p then reduces to its bosonic part, given by 



■'bos 



(5.147) 



Here, the scalar fields A, B have been combined into a 2-component field = (A, B) 
taking values in a 2-dimensional target space with metric and potential given by 

G..(0)d0^d0^ = m = -^^. (5.148) 



^Unlike in the rest of the paper, spinors in this subsection are taken to be commuting. The reason 
is that we want the spinor charge Qx defined below to be a real number. The spinors considered 
here are not dynamical fields. 
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The potential arises from the pre- potential P(0) = (1 - WY^^'^ in the sense that 
there holds the equation 

V = -W'^ + G^diPdjP , (5. 149) 

which is closely related to the fact that L^os comes from a supersymmetric theory. 
Following |46], generalizing in turn arguments of [171 SSI HE EB ED], one can show 
that the existence of such a prepotential entails the existence of a positive definite 
quantity Qx > 0, which will turn out to be equal to Tix^ thus establishing the desired 
positivity property. The quantity Qx is defined as follows. One first defines an analog 
of the Nester [HU] 2-form, given by 

p^P = £71-/7^1 (^Vp + \p{(p)i)j e . (5.150) 

This quantity will turn out to be closely related to the fermionic supercharges of the 
theory, but for the moment we do not need this fact. The quantity Qx is now defined 

as 

Qx= /*F. (5.151) 
Jc 

Let us choose a spacelike 3-surface intersecting the cut C of X transversally, with no 
interior boundary (we assume that such a surface can be chosen). Then, applying 
Stoke 's theorem, we have 

Qx= I d(*F) = / (V^F^,)M^rf^, (5.152) 

where dS is the natural integration element on S, and where is the normal, nor- 
malized to -1 here with respect to the physical metric. Using (15.1491) and Einstein's 
equation, one can calculate [10], that 

{V^F^,)u'' = -2(V,£)WV V,£ + 2(V,£)tV^£ + GijX'^X' , (5.153) 

where i,j are indices associated with the tangent space of S, where V^^ = V^^ + 
|P(0)7^, and where 

= ^(7'^V^0^ + 2G^^djP)e . (5.154) 
V2 

The last 2 terms in eq. (15.1531) are manifestly positive, while the first term can be 
set to by imposing the "Witten condition" 7*Vj£: = on E (essentially the spatial 
Dirac equation with suitable boundary conditions). As one can show using functional 
analytic techniques [H] (see also [52j) a global, smooth solution to this condition 
with the desired boundary conditions indeed exists under our assumed boundary 
conditions. Thus, we have shown that Qx > 0. 
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We next need to relate Qx to Tix- For this, we expand the metric and scalar field 
as above in (I5.134p and (14.1161) near X, and we additionally expand e near X using the 
fact that it satisfies the Witten condition, see [TT], [12] and ^52j for similar calculations 
in an almost identical theory with only one scalar field. Using our boundary conditions 
on the scalar fields (14.1201) . as well as an expansion of P near = one find^ 



2 
3' 



E^PXp--{aA(3A + aB(iB)X'' 



(5.155) 



at X. Integrating this expression over a cut C at X, again using our boundary condi- 
tions on the scalar fields, and comparing the result to our expression (15.1411) for Tix 
with the fermionic fields x set to 0, one sees that Qx = Ti-x- Thus, we have shown 
that Tix > for timelike asymptotic symmetries and boundary conditions preserving 
an 0(2, 1) X M.^ group of asymptotic symmetries. 

The choice J-'{z) = ^qz"^ is a special case which, as explained above, corresponds to 
an asymptotic symmetry group isomorphic to 0(3, 2). In that case, we have a larger 
class of timelike asymptotic Killing fields, which can be written as X^^ = rj^y^r], where 
?7 is a complex linear combination of the 4 real linearly independent asymptotic Killing 
spinors rather than only a linear combination of the special 2 real linear independent 
spinors e described below (14.971) . Each such Hx is positive by the argument above. 



5.3 Fermionic charges 

Since we have identified a set of boundary conditions preserving Af = 1 supersym- 
metry and enforcing vanishing symplectic fiux through X, we know by the analysis of 
Sec. |2]that corresponding conserved Hamiltonian generators associated with a super- 
symmetry variation exist. We now explicitly determine their form. As in the previous 
subsection, it is instructive to treat separately the special boundary conditions de- 
fined by J-'{z) = \qz^, preserving a group 0(3,2) of asymptotic bosonic symmetries, 
and the general boundary conditions defined by a general J-'{z), preserving only a 
subgroup 0(2, 1) x of asymptotic bosonic symmetries. 

In the general case, asymptotic fermionic symmetries are associated with asymp- 
totic Killing spinors e which are linear combination of the 2 special linearly indepen- 
dent spinors described below eq. (14.971) . For such spinors, the asymptotic Killing field 
X'^ = e^^^e is a translation on X, i.e., of the form (I5.143p . corresponding to generators 
in the translation subgroup of 0(2, 1) x M^. To determine the fermionic Hamiltonian 
generators Tie following the general procedure outlined in Sec. Ej we must determine 
the Noether charge, Qe [see eq. (12.271) ] and the 2-form [see eq. (12.291) ] for extended 
supergravity, and then determine Ti^ via eq. (I2.30p . From the general form of the 

^ Here it is important that P is a "good" superpotential of the type caUed "P_" in [52], see that 
paper for a detailed explanation. 
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expressions that are involved in these quantities, one can infer that the integrand hg 
of the Hamiltonian generator Tie = J^-, must be a 2-form satisfying the following 
general properties: (1) It must be locally constructed out of e, the metric Qfj^^, the 
Levi-Civita tensor e^,^o-p, the gamma-matrices 7^, the spin 3/2-field ip^, and the matter 
fields A, B, x, but not the covariant derivatives of these fields. (2) It must be linear 
in e. (3) It must be manifestly finite at I. These restrictions only leave a relatively 
small number of possible terms, since for example each factor of A or i? drops off as 
Q near infinity, so that terms involving higher powers of A or 5 will automatically 
vanish at X. In fact, it can be seen in this way that possible terms fulfilling (1), (2) 
and (3) can at most be linear in ip^, x, A, B, and cannot depend upon A, B, x if they 
depend upon ip/j^. One possible term fulfilling these criteria is the 2-form *Ne entering 
the definition of the Hamiltonian generator in minimal supergravity (see eq. fl3.68p ). 
Let us define 

ge= /*N,. (5.156) 
Jc 

We will now show that, in fact, 

ne = Qe (5.157) 

i.e., the formula for the Hamiltonian generators for the fermionic charges in extended 
supergravity is the same as in minimal supergravity. 

We could prove this directly by going stubbornly through the definitions of sec. [H 
but this is somewhat tedious because the Lagrangian (14.721) and the corresponding 
supersymmetry transformations are relatively complicated. We will instead use an 
indirect argument proving that Ti.^ = Qf,. This argument is based on our knowledge 
of the bosonic charges Tix associated with an asymptotic symmetry vector field X, 
see eq. (15.1411) . The point is that, since the generators Ti^ and Tlx are defined as 
Hamiltonian generators, they form a representation of the superalgebra of asymptotic 
symmetries (isomorphic to the super Poincare algebra in 3 dimensions) on the covari- 
ant phase space under the Poisson bracket (with respect to the symplectic form cr), 
that is, 

{7^,„7^,J = 7^x, X^ = e^-i^e2. (5.158) 

Thus, the fermionic charges are related to the bosonic ones, whose form is already 
known from the previous section. That relation will enable us to derive the desired 
expression for the fermionic generators in extended supergravity (15.1571) . We will 
show that 

{He.^Ge,} = [ s,, *N,, = Hx . (5.159) 
Jc 

In view of eq. (I5.158p . this means that Ti^ can differ from at most by a term T>^ 
with vanishing supersymmetry variation. We now argue that there is no such term. 
Indeed, by properties (1), (2), and (3), the 2-form integrand of would have to be 
a local functional of the dynamical fields (but not their derivatives) that is linear in 
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e, and at most linear in ifj^j,, A, B, x- The possible terms can be written out explicitly, 
and it can be seen using eqs. fl4.10ip - fl4.106l) that there does not exist a term which 
has a vanishing supersymmetry variation (up to an exact 2- form). Thus, if we can 
prove eq. fl5.159p . then eq. (15.1571) follows. 

The supersymmetry variation of the 2-form *Ne2 on I in expression (15.1591) can be 
computed using the definition of the supersymmetry transformation on the spin-3/2 
field, giving at I 



s *N 1 



-P{A,B)Y]e2 



+(AV[^fi - fiV[^A)X,] 



(5.160) 



where P is the prepotential given above in eq. fl5.149p . An important thing to note 
is that the first term on the right side is essentially the dual of the Nester 2-form 
given above in eq. fl5.150p . Thus, by essentially the same argument as given there, 
the integral over a cut C of the first term will give us Tix- We only need to take care 
that the fields x, V'/i cire now not assumed to vanish, and consequently might appear 
e.g. in the asymptotic form of the metric fl5.134p . Taking into account this difference, 
we obtain for the first term in fl5.160p the expression 



(First term) 



Up 



(5.161) 



(5.162) 



On the other hand, the second term in f l5.160p can be expressed as 

(Second term) = X[,^V^]{2jF(aB) — aB-^'(«_B)} 
using the boundary conditions fl4.120p . where = g^uX'^ is given by 

X = a^dt + aidx + a2dy (5.163) 



in view of eq. fl5.143p . We now integrate eq. (15.1600 over a cut C of X, and compare 
the result with our expression for the Hamiltonian generator fl5.14ip using (15.1610 
and fisrm . We find 

{ne„geA = 'Hx+ I d[2J^{aB)-aBr{aB)]^X . (5.164) 
Jc 

Integrating the last term by parts and computing dX = from (15.1630 establishes 
the desired relation fl5.159p . 

We next consider the case of the special 0(3, 2)-invariant boundary conditions 
corresponding to the special choice J-'{z) = \qz^. In that case, our supersymmetry 
transformations s.^ are parametrized by arbitrary asymptotic Killing spinors r], and 
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not the special 2-dimensional subspace of asymptotic Killing spinors e giving rise to 
translational asymptotic Killing fields X, see fl5.143p . In that case, eq. fl5.164p still 
holds (with Ei replaced by the more general spinors rji), but it is no longer true that 
dX = on X, because X need no longer be a translation on I. However, we now 
have 

2J^{aB) - aBT'^ae) = . (5.165) 

Thus, the second term in eq. (15.1641) still vanishes, demonstrating that the desired 
relation (15.1591) also holds (with replaced by rji in that equation) for the larger set 
of supersymmetry generators associated with J-'{z) = \qz^. 

6 Summary and conclusions 

In this paper we have investigated classical field theories with local symmetries, and 
in particular theories with fermionic local symmetries, i.e., supergravity theories. Let 
us summarize the main results of this paper: 

• In section 2, we have gave a general definition of Hamiltonian generators conju- 
gate to a local gauge symmetry in classical field theories on a manifold, within 
a covariant phase space framework. The local symmetries were assumed to be 
either of bosonic type (such as local Yang-Mills type gauge symmetries or dif- 
feomorphisms) or of fermionic type (such as supersymmetry transformations). 

For theories requiring the specification a set of boundary and/or asymptotic 
conditions, the existence of the generators is not guaranteed. We derived a 
simple general criterion stating when such charges exist and are conserved. The 
criterion is that the symplectic flux through any real or conformal boundary 
should vanish, and that the boundary conditions should be invariant under the 
symmetry. In the case of a bosonic symmetry, our method reduces to that of 
Wald et al. [21 El H 

• We then applied our formalism to two example theories: Minimal [M = 1) su- 
pergravity with a negative cosmological constant, and a consistent truncation 
of extended A/" = 4 supergravity with a complex scalar field of mass = — 2, a 
Majorana fermion field, and a cosmological constant A = —3. For minimal su- 
pergravity, we chose boundary conditions such that the metric approaches that 
of AdS-spacetime for large distances, and in particular such that the bound- 
ary metric is held fixed. We then found boundary conditions for the spin-3/2 
field such that our criteria for the existence of supercharges were met. In par- 
ticular, those boundary conditions are invariant under the supergroup of the 
asymptotic symmetry group 0(3,2). An exphcit formula for the supercharge 
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was also derived, and it agreed with the formula previously found by Henneaux 
and Teitelboim [H] by a somewhat different method. 

• For extended A/" = 4 supergravity theory, one also has to choose boundary 
conditions for the matter fields. We found a 1-parameter family of boundary 
conditions perserving M = 1 supersymmetry, satisfying our criteria for the ex- 
istence of the corresponding M = 1 supercharges. These boundary conditions 
are, in particular invariant under the M = 1 supergroup of 0(3,2). For par- 
ticular values of the parameter, our boundary conditions reduce to those found 
by Breitenlohner and Freedman [17]. We also found a more general class of 
boundary conditions of non-linear type that are invariant under a subgroup 
0(2,1) X c 0(3,2), and which are also invariant under a restricted set 
of supersymmetry transformations generating Poincare transformations of the 
asymptotic boundary of spacetime (corresponding to the description of AdS- 
spacetime as conformal to a half space of 4 dimensional Minkowski space) . These 
boundary conditions are characterized by an arbitrary function, J-'{z), in one 
variable. They could be written as a "supersymmetric Lagrange submanifold 
condition" 



where ^± are boundary superfields on the conformal boundary X of spacetime, 
defined from the asymptotic tails of the scalar and spin-1/2 fields in the theory. 
The boundary conditions of [17] correspond to the particular choice J-'iz) = 0. 
Asymptotic supercharges were shown to exist (for general JF) that generate 
the restricted class of supersymmetry transformations. In the context of the 
AdS/CFT correspondence, the boundary conditions associated with a general 
correspond to a modified boundary action by general arguments [2ll [25| [23]. 



with O the dual boundary superfield in the CFT. This modification will in 
general break super conformal invariance, but preserves supersymmetries corre- 
sponding to the 3-dimensional Poincare group. Our boundary conditions thus 
give rise to interesting QFT-duals. 

• Finally, we gave formulae for the bosonic and fermionic charges in extended 
A/" = 4 supergravity, and we proved that the energy is always positive when 
the fermionic fields are set to 0. Our formulae for the fermionic charges agree 
with those in minimal A/" = 1 supergravity, though the explicit expressions for 
the bosonic charges generally contain an additional term associated with the 
matter fields. This additional term depends upon the function characterizing 
the boundary conditions. 




(6.166) 




(6.167) 
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Although we have focused on particular supergravity theories, the general pattern 
of results is clear. In the Af = 4 theory, the freedom to choose a variety of boundary 
conditions preserving Af = 1 supersymmetry stems from the presence of appropriate 
matter chiral superfields. One therefore expects a similar set of allowed J\f = 1 
boundary conditions in any d = 4 theory containing chiral superfields with masses 
in the usual window [17] above the Breitenlohner-Freedman bound. This result is 
also suggested by the analysis of [36]. It would be interesting to check this, as well 
as the details of generalizations to other dimensions. In particular, for d ^ 4 it 
remains to determine the form of any associated boundary superfields. We note that 
a generalization to ci = 5 would address a number of interesting examples already 
well-studied in the context of AdS/CFT [26l [271 [28] . 

Let us return, however, to A/" = 4 supergravity in d = 4. Even here, one expects 
to obtain an additional class of A/" = 1 theories by deforming the boundary conditions 
for the vector super-multiplet. Such a possibility was indicated in the original work 
of Breitenlohner and Freedman [T7], and in the context of AdS/CFT would amount 
to a supersymmetric generalization of [Ml IMl ISH |55l [561 [35] . We have not considered 
this option here, but again it would be of interest to work out the full formalism and 
to obtain a useful form of any associated vector "boundary superfields." 

Finally, we have considered only boundary conditions for the graviton super- 
multiplet which impose the usual boundary condition on the graviton itself: namely, 
that the induced metric on the boundary is fixed. However, for d = 4 one may 
also impose boundary conditions [18] which have slower fall-off near X. In this case, 
AdS/CFT arguments [331 [311 [35] suggest that such boundary conditions are related to 
"dual" boundary theories which also contain gravity and which are defined on space- 
times with compact Cauchy surfaces. As a result, one expects that with such slower 
fall-off boundary conditions, all asymptotic symmetries will be gauge and lead only 
to trivial conserved charges. It would, however, be interesting to check that super- 
symmetry can be preserved in such contexts, and to check that indeed the associated 
variations 6TCr^, STCx vanish on-shell. 
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A General properties of Hrj 

In this appendix, we summarize some important, model independent general proper- 
ties of the generators for any (bosonic or fermionionic) symmetry r). 

A.l Ambiguity of 7Y^: 

Two potential ambiguities arise in the construction of Tin- First, a potential ambiguity 
arises from the fact that we may change the Lagrangian L to L + d/i, with n a (d — l)- 
form that is locally constructed out of the fields, without changing the field equations. 
However, it is easy to see that such a change will not affect the symplectic form lv, and 
hence will not change the definition Ti^. Another potential ambiguity arises because 
is only unique up to the addition of an exact form, 

6>($, 5$) ^ 6>($, 5$) + d Z($, 5$) . (A.168) 

The addition of such a term will change the definition of Hr, — assuming it exists — by 

nr,^nr,+ [ Z($,s^$). (A.169) 

This type of ambiguity will typically be eliminated by the given choice of boundary 
conditions, which ensure that the only Zs which gives rise to finite modification of 
the generator Tin simply shift Tin constants, if they exist at all. 

A. 2 Gauge invariance of Tirj 

Note that and A^, in the definition of 6Tin are by construction "potentials" for 
gauge invariant quantities, and therefore need not be gauge invariant themselves. 
Consequently Tin itself is in danger of not being gauge invariant. We claim, however, 
that STin, and hence Tin itself, is always invariant under gauge transformations that 
can be continuously connected to the identity (i.e., except possibly for "large gauge 
transformations"). As an example, consider the case when one of the matter fields 
is a non-abelian gauge field A^. If we assume that the Lagrangian is invariant under 
infinitesimal gauge transformations 6Afj_ = V^A + [A^, A], then it follows (by going 
through the definitions), that is invariant under such a transformation up to 
the addition of a closed from Ga. However, again by the fundamental lemma, it 
follows that Ga must be exact, and hence cannot contribute to the integral defining 
STi^. A similar argument can be made for the second term contributing to this 
integral. Hence, STin, therefore Tin itself, is independent under infinitesimal 
gauge transformations. But this implies that it is independent under any finite gauge 
transformation that is connected to the identity by a differentiable path. 
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A. 3 OfF-shell formula for Tij^ 

It is often useful to have an off-shell formula for 7i^, for example, for the computation 
of Poisson brackets with interesting gauge dependent quantities. To construct such a 
formula, we now compute 57i^($) for any solution $, but arbitrary off shell variations 
(5$. Note that, in this situation, our derivation of the variation of the generator Ti^ 
only implies that 

6n^= [ 6Jrj+ [ A^. (A. 170) 

On shell, we have = dQ^, so we also have 63^ = d(5Q^ for on shell variations 5$, 
and the first integral reduces to a surface integral J SQ^j. However, this is not true for 
off-shell variations, and the off-shell variation of consequently differs from (1A.170P 
by a term that is not a boundary integral. To characterize this term, it is necessary 
to have a suitable off-shell formula for Q^. Since = dQ^ only holds on shell, we 
have in general 

N 

(J,-dQ,).,....,_, = 5^A^('^-^^)^[.,...,_,]('^')V(..---V^,)r/^ , (A171) 
/=o 

where A^($) = vanishes if $ is on shell. We will now show that, if the variation 
contains at most M derivatives of rj^, then the Noether charge can be modified 
— > + Tfj by a (d — 2)-from r vanishing on shell, such that the right side of 

eq. flA.17ip contains at most M — 1 derivatives of r]^. The proof of this statement 

is similar in nature to arguments given in [32]: Let the maximum number N of 

derivatives in eq. (1A.171I) be such that N > M. Since 

d(J^-dQ^) =Es^$, (A.172) 

and since the right side of that equation by assumption contains at most M derivatives 
of r]"^, it follows that 

= A(^-^-^[.,....,_,5'^),]V(^, ■ ■ ■ V^,V.)7^^ (A.173) 
for all T]^. Consequently, we have 

= X^'^-'- Ai.,...u,.,6''\] . (A174) 

Defining now 

N 

r.,...,„, = ^^A'^'^-'^--A.[.,....,_,] V(^, ■ ■ ■ V^,_,)r^^ , (A.175) 

it may be checked that Jj, — dQ^ — dr.^ contains at most A — 1 derivatives of rj^, and 
clearly t($) = on shell. Therefore, the highest derivative term on the right side 
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of eq. (lA.lTip has been removed by an off-shell redefinition of Q,, — ^ — which 
does not affect the form of on shell. We can continue this process inductively 
to remove the next-highest derivative term on the right side of (1A.171I) . as long as 
the number of derivatives is not smaller than M. Therefore, by a suitable off-shell 
redefinition of Q^, it can always be achieved that 



M-l 



(A.176) 



7=0 



where C"^($) vanishes on shell, and where M is the maximum number of derivatives 
of appearing in the symmetry variation s^$. Therefore, by eq. flA.170p . the total 
off-shell Hamiltonian variation is given by 



M-l 

E 

7=0 



'as 



(A.177) 



The forms Ca'^^'"'^' axe the "constraints" associated with the fermionic symmetries, 
and vanish when the equations of motion hold. Thus, we see that the off shell vari- 
ation of Tiri is not given by a boundary integral, but contains also a "bulk" integral 
containing the variation of the constraints of the theory associated with the fermionic 
symmetries. In particular, if the number of derivatives appearing in the SUSY trans- 
formations is M = 1, as happens e.g. when the Lagrangian contains no more than 
second derivatives of the fields (the case in nearly all applications, and in particular 
in the supergravities studied in this paper), then 



J-n - dQr, = CaV^ , 
and we get a correspondingly simpler form for the off shell variation of Tir^, 



(A.178) 



S{Cav' 



(A.179) 



as 
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